We study the covolumes of arithmetic lattices in PSL2(R) n for n ≥ 2 and identify uniform and non-uniform irreducible lattices of minimal covolume. More precisely, let µ be the EulerPoincaré measure on PSL2(R) n and χ = µ/2 n . We show that the Hilbert modular group PSL2(o k 49 ) ⊂ PSL2(R) 3 , with k49 the totally real cubic field of discriminant 49 has the minimal covolume with respect to χ among all irreducible lattices in PSL2(R) n for n ≥ 2 and is unique such lattice up to conjugation. The cocompact lattice of minimal covolume with respect to χ is the normalizer ∆ u k 725 of the norm-1 group of a maximal order in the quaternion algebra over the unique totally real quartic field with discriminant 725 ramified exactly at two infinite places, which is a lattice in PSL2(R)
Introduction and the statement of the main result
Let G be a semisimple real Lie group with trivial center and without compact factors, and let µ be a Haar measure on G. A lattice Γ ⊂ G is a discrete subgroup of G such that the covolume µ(G/Γ) is finite. A lattice is called uniform or cocompact if G/Γ is compact. By a result of Každan-Margulis [12] , there exist a constant C = C G,µ > 0 such that µ(G/Γ) ≥ C for any lattice Γ in G. It is an open and interesting problem to find explicit non-trivial lower bounds and minimal values for µ(G/Γ), where Γ runs through the set of all lattices in G, for a given Lie group G. The first result in this direction is the theorem of Siegel who proved that for G = PSL 2 (R) and µ the Euler-Poincaré measure we have µ(G/Γ) ≥ 1/42 and µ(G/Γ) = 1/42 if and only if Γ = ∆ (2, 3, 7) is the Fuchsian triangle group of signature (2, 3, 7) , which turns out to be an arithmetic group. The analogous result for G = PSL 2 (C) has been first established only for arithmetic lattices [6] and only after a long work has been settled without the assumption on arithmeticity [13] , [11] . Again, there is a minimum min Γ⊂G µ(G/Γ), which is attained by a unique lattice. Similar results have been established in the case of the group P O(n, 1) and P U (n, 1) see [2] , [3] and references therein. Note that for general n the results are weaker than those established for G = PSL 2 (R) and PSL 2 (C) as we do not know if the lower bounds are indeed attained by some lattice. Such informations are available only for arithmetic lattices, see [4] , [9] , [17] , [18] .
In the present note we will discuss the question of finding the lower bounds for covolumes of lattices in G n := PSL 2 (R) n . To be more precise, let µ denote the Euler-Poincaré measure on G n , see [15] , which is the unique Haar measure on G n such that for a torsion-free and uniform lattice Γ ⊂ G n the covolume µ(Γ) := µ(G n /Γ) = (−1) n e(Γ\H (n) ) is up to the sign the Euler number of the corresponding locally symmetric space Γ\H (n) , where H (n) = H×. . .×H is an n-fold product of complex upper half planes H. Note that µ can be realized as the volume of a fundamental domain of Γ on H (n) with respect to the volume form (−1) n dν/(2π) n where dν = 1≤i≤n dx i ∧dy i /y 2 i is the standard hyperbolic volume form on H (n) . For computational reasons we will initially use another normalization of the Haar measure and consider the G n invariant measure χ = µ/2 n , which for torsion-free and uniform Γ ⊂ G n has also a geometric meaning as χ(Γ) = (−1) n χ(Γ\H (n) ), where χ(Γ\H (n) ) is the holomorphic Euler characteristic (arithmetic genus) of the corresponding locally symmetric space, which follows from the work of Matsushima-Shimura [14] . For n ≥ 2 one has to distinguish between two types of lattices in G n ; A lattice Γ ⊂ G n is called irreducible if the image of Γ under the canonical projection G n −→ G n ′ for any 1 ≤ n ′ < n is not a discrete subgroup in G n ′ . Otherwise, Γ contains with finite index a product Γ 1 × Γ 2 of two lattices Γ ⊂ G n ′ and Γ 2 ⊂ G n−n ′ . In this case Γ is called reducible. Since the rank of G n is n, the famous arithmeticity theorem of Margulis implies that for n ≥ 2 every irreducible lattice Γ in G n is arithmetic. This means that Γ is commensurable with the group of norm-1-elements of an order in a quaternion algebra B over a totally real number field k of degree m ramified at m − n infinite places of k (see Section 2.1 for the precise definition). Our main result is the following Theorem 1.1. Let n ≥ 2 be an integer and G n = PSL 2 (R)
n . Let µ be the Euler-Poincaré measure on G n and let χ = µ/2 n be the Haar measure on G n such that χ(Γ) := χ(G n /Γ) equals (−1) n χ(X Γ ) where χ(X Γ ) is the holomorphic Euler characteristic of the corresponding variety X Γ = ΓH (n) for Γ torsion-free and uniform. Then:
1. For any n ≥ 2 and any arithmetic lattice Γ ⊂ G n we have χ(Γ) ≥ 1/84. The minimal value 1/84 is attained exactly by one lattice, which is the (non-uniform) Hilbert modular group ∆ nu k49 := PSL 2 (o k49 ) ⊂ G 3 . 2. For Γ ⊂ G n uniform we have χ(Γ) ≥ 1/60. This minimal value is attained by the unique (up to conjugation) uniform lattice ∆ u k725 ⊂ G 2 , the maximal lattice defined by the quaternion algebra B over the totally real quartic field of discriminant 725 ramified at exactly two infinite places. The minimal value 1/60 is also attained by exactly two non-uniform lattices, which are the Hilbert modular group ∆ Note the remarkable property that the minimal covolume in G 2 = PSL 2 (R) 2 is attained by exactly two lattices, one uniform and one non-uniform. This example seems to contradict the tendency that the minimal covolume is attained by a unique lattice, or lattices which are either uniform or non-uniform, known from other examples. Also note that the value 1/84 is attained by the known Fuchsian group of minimal covolume, which is arithmetic and defined by a quaternion algebra over the totally real cubic field of discriminant 49. We should note that the existence of a universal lower bound for the covolume in G n , which holds for all n is restricted only to irreducible lattices. Namely, as for a direct product Γ 1 × Γ 2 of lattices Γ 1 ⊂ G n1 , Γ n2 the relation χ(Γ 1 ×Γ 2 ) = χ(Γ 1 )χ(Γ 2 ) holds, taking any lattice ∆ ⊂ G 1 with χ(∆) < 1 we see that the covolume χ(∆ n ) of the reducible lattice ∆ n ⊂ G n tends to zero as n goes to infinity.
Let us also mention an immediate consequence of the second part of the Theorem 1.1, which was one motivation to study the lattices of small covolumes: Recall that for any uniform and torsion-free lattice Γ ⊂ G n the orbit space X Γ = Γ\H (n) has a structure of a smooth n-dimensional projective variety of general type. In the case where Γ is arithmetic we call such a variety a quaternionic Shimura variety. As it is well-known, the automorphism group of such a variety is finite. More precisely, the automorphism group of X Γ is isomorphic to the factor group N Γ/Γ, where N Γ is the normalizer of Γ in G n , which is again arithmetic. Now, for arbitrary finite index inclusion Γ ⊂ ∆ of lattices in G n we have the equality
Gn,χ is any lower bound for the covolume of a uniform arithmetic lattice in G n . By the main Theorem C a Gn,χ = 1/60 and we get: Corollary 1.2. For a smooth compact quaternionic Shimura variety X Γ = Γ\H (n) the order of the automorphism group is bounded by 60χ(X Γ ), where χ(X Γ ) denotes the arithmetic genus of X Γ .
The quaternionic Shimura varieties with χ(X Γ ) = 1 are of particular interest as they give examples of smooth projective varieties with the same Betti numbers as (P 1 ) n , see [8] , [7] . The corollary implies that the number of automorphisms of such a variety is bounded by 60.
Maximal arithmetic lattices in PSL (R)
n and volumes
Preliminaries
Let k be a totally real field of degree m = [k : Q], o k its ring of integers, and U k the group of units in k. An element x ∈ k is totally positive if σ(x) is a positive real number for every embedding corresponds to a field embedding k −→ R whereas a finite place v ∈ V f k corresponds to a non-trivial prime ideal of o k . Let B be a quaternion algebra over k. For each v ∈ V k let B v = B ⊗ k k v be the quaternion algebra over the completion k v of k with respect to v arising from B by scalar extension. We say that B is ramified at v if B v is a division algebra and unramified otherwise (i.e.
From general theory of central simple algebras we know that R(B) is a finite set of even order and moreover we know that B is isomorphic to M 2 (k) if and only if R(B) = ∅. Otherwise, that is, if |R(B)| = 0, the algebra B is a division algebra. Let B + = {x ∈ B | Nrd(x) ∈ k + } and for a maximal order O in B let
where Nrd( ) denotes the reduced norm on B. Assume that |R ∞ (B)| = n. Then n ≤ m and the diagonal embedding B ֒→ M 2 (R) n induces an embedding Γ
The image of this embedding is an irreducible lattice in G n . More precisely, for any projection π s : G n −→ G s onto a non-trivial partial product of G n the image π s (Γ) is a dense (in particular non-discrete) subgroup. We define C(k, B) as the set of all lattices in G n which are commensurable with Γ + O where O is some maximal order in the quaternion algebra B over k with the above properties. We say that a lattice Γ ∈ G n is arithmetic if there is a field k and quaternion algebra B as above such that Γ ∈ C(k, B). By the Godement's criterion, Γ ∈ C(k, B) is uniform (that is, G n /Γ is compact) if and only if B is a division algebra, that is, B ≇ M 2 (k). Hence, Γ is non-uniform if and only if Γ belongs to C(k, M 2 (k)). By the above discussion in the non-uniform case we necessarily have m = n. As a locally compact group G n possesses a Haar measure (unique up to a multiplicative constant), and moreover G n is unimodular, that is, the left invariant Haar measure is also right invariant. As already mentioned, in the following we will work with two particular normalizations of the Haar measure, which are denoted by µ and χ: If Γ is a torsion-free and uniform lattice in G n then the value µ(Γ) := µ(G n /Γ) equals (−1) n e(X Γ ), with e(X Γ ) the topological Euler characteristic of X Γ = Γ\H (n) . The measure χ is defined as χ = µ/2 n and equals (−1) n χ(X Γ ), where χ(X Γ ) is the holomorphic Euler characteristic of X Γ . We have already used this normalization in [8] . Let Γ ∈ C(k, B) be arithmetic. Then, by definition, Γ is commensurable with a group Γ 1 O associated with a maximal order O in B and we define the generalized index (Γ
The generalized index is a rational number and equals to the usual index if
Theorem 2.1. (Vignéras [19] ) For any Γ ∈ C(k, B) we have
By the multiplicativity property of the volume χ, the minimum min Γ∈C(k,B) {χ(Γ)} will be attained on a maximal group Γ ∈ C(k, B). Therefore we need more precise informations on maximal elements in C(k, B). Such results on maximal elements of C(k, B), where B is a quaternion algebra over a general number field and their covolumes are obtained by A. Borel [5] (see also [8] and [7] for the case of lattices in G n ). According to Borel we have the following result on the minimal value of χ on C(k, B).
1. Let B be as above and O a maximal order in B. Let
be the normalizer of a maximal order O in B + . Then
independently of the choice of O.
2. Let k B be the maximal abelian extension of k unramified at all the finite places of k, such that the Galois group Gal(k B /k) is elementary 2-abelian and with the property that all the finite places v ∈ R f (B) are totally decomposed in k B . Further, let k ′ B have the same properties as k B but with the restriction to be unramified at all the places of k. Particularly, k ′ B is totally real and
Let t be the number of places of k lying over 2. Define
and put µ(k, B) = 2
Then we have the following exact formula for χ(N Γ
where
Examples of maximal lattices in PSL 2 (R) n of small volume
The above theory particularly applies to the case B = M 2 (k) of the matrix algebra over a degree m totally real field k, which is characterized by the property R(B) = ∅.
which is clearly a maximal order in M 2 (k), the arithmetic group Γ (4)) we find that χ(∆ nu k5 ) = ζ k5 (−1)/2. On the other hand, we can use the Siegel-Klingen formula [16] for the value ζ k5 (−1) by which we have χ(∆ nu k5 ) = 1/60. Example 2.4. Now, let k 49 be the unique totally real cubic number field of discriminant 49. The defining polynomial of k 49 is X 3 − 2X 2 − X + 1 and using the computer algebra system SAGE we find that the fundamental units of k 49 are not totally positive. It follows that U 
Proof of the main Theorem
In this section we consider an arbitrary arithmetic lattice Γ ⊂ G n for n ≥ 2 with χ(Γ) ≤ 1/60. Since Γ is arithmetic, it belongs to a commensurability class C(k, B) where k is a totally real number field of degree m ≥ n and B is a quaternion algebra over k ramified at m − n infinite places of k. By Theorem 2.2, we know that
Since t ≥ t ′ and
> 1 for all v ∈ V k such that N v = 2, we obtain the inequality
We will now follow the strategy of Chinburg-Friedman [6] to show in several steps that the inequality (5) implies that the degree of k is less or equal 5, that the degrees [k 
Basic inequalities
Let us recall the lower bounds for g(k, B) and µ(k, B) due to Chinburg-Friedman. 
where T (s, y) = T (s, y, S, p 0 ) is the function defined by
There, γ is the Euler constant, a(x) = (3x −3 (sin(x) − x cos(x))) 2 , S is a finite (possibly empty) set of (rational) primes, p 0 some fixed prime and R(S, p 0 ),q(s, y, p, f, r) and j(s, y, p) are functions as defined in [6, pp.p14-515]. Furthermore we have the inequality
Moreover, if all primes in k lying over 2 that belong to R f (B) are decomposed in K and functions q(s, y, p, r, f ) and j(s, y, p) are replaced byq(s, y, p, f, r) andĵ(s, y, p) as in [6, pp.514-515] , then the inequalities (6) and (7) above hold with g(k, B) replaced by µ(k, B).
Remark 3.2. The statement is slightly different from the original statement of [6, Proposition 3 .1] and is obtained by replacing Zimmert's lower bound 0.02 exp(0.46m) for the regulator, which is used in [6] , by the better bound 0.0062 exp(0.738m) due to Friedman, see [10] Now, evaluating T (s, y) for s = 1.4 and y = 0.1 and applying the above theorem to K = k ′ B , S = ∅, p 0 = 31, as in [6] but using slightly finer estimates 3 − 1. 4 2
computed with MAPLE, we get the inequality
The function ψ(m, [k We now follow the steps of [6] to deal with classes C(k, B) where m ≤ 23 and [k ′ B : k] ≤ 2 and make now use of the inequality (7) with K = k ′ B . Again, using the estimates for T (0, 1) as in [6] but replacing 3 2
(we used MAPLE) we find that In the next step we follow again [6] and evaluate the basic inequality (7) with
We compute exp(ρ(6, 1)) = 0.05 . . . > 1/60. This, together with the computation of ρ(m, 2) > 1/60 for m ≤ 5 shows
3.2 Analysis of the classes C(k, B) with m ≤ 5
We will now assume that C(k, B) contains a lattice Γ with χ(Γ) ≤ 1/60. Then m = [k : Q] ≤ 5 and k B = k. Using the well-known lower bound ζ k (2) > ζ Q (2m) and the fact that k B = k from Lemma 3.4 we know from the definition (2) of g(k, B) that in this case
Degree m = 5
Consider first the case m = 5. Then, the explicit computation of α(5, 89000, 5) = 0.01732200133 shows that the discriminant of the totally real quintic field k is less then 89000, when g(k, B) ≤ 1/60. There are exactly 8 such fields (see, for instance, [1] or [20] ) and for these fields we can compute the exact zeta values ζ k (2), using PARI or SAGE. The Table 1 shows that in degree m = 5 all lattices in C(k, B) satisfy χ(Γ) > 1/60. 3 ) identifies two fields of degree 4 which may lead to lattices of covolume less or equal 1/60: 
, where B is the division quaternion algebra ramified at two infinite places of k 725 . Suppose, B is ramified at exactly one infinite place. Since prime 2 is inert in k 725 , t ′ = 0. Then, as the number of ramified places is even, there is one finite ramified place v in B contributing (N v − 1)/2 to χ( ). Also, 3 is inert in k 725 and 5 = p 2 5 is ramified. Analyzing the splitting behavior of small primes we conclude that a ramified finite place contributed at least 12 to χ( ), which by far exceeds 1/60.
• The other candidate is k 1125 . But as 2 is inert in k 1125 , t ′ = 0 and χ(Γ) ≥ µ(k, B) = 2g(k, B) = 1/30 for any Γ ∈ C(k, B). 
Degree m = 3
Here, we proceed as before: The explicit computation of α shows that the discriminant of k is less then 300. There are only 6 such fields, but g(k, B) ≤ 1/60 only for the cubic field k 49 of discriminant 49. Suppose now B = M 2 (k 49 ), that is R(B) = ∅. The minimal value for χ is then µ(k 49 , M 2 (k 49 )) = 2/168 = 1/84 which is attained by the Hilbert modular group ∆ nu k49 = PSL 2 (o k49 ). Suppose now R(B) = ∅. If B is ramified at exactly one infinite place (hence we are considering subgroups of G 2 ), then, there must be at least one finite place v in R(B) contributing (N v − 1)/2. As 2, 3 and 5 are inert in k 49 , t ′ = 0 and this contribution is greater than 2, hence the value of χ is greater than 1/60. Finally, if we assume that B is ramified at two infinite places, we obtain the well-known cocompact arithmetic Fuchsian group of minimal covolume. Table 3 : g(k, B)-values of real quartic fields with discriminant ≤ 4800.
Degree m = 2
In [8] we determined all the commensurability classes C(k, B) with k real quadratic such that g(k, B) ≤ 1. Analyzing the examples there we see that only possibility for g(k, B) ≤ 1/60 is k = Q( √ 5) with µ(k, B) = 1/60 (note that t ′ = 0 since 2 is inert in k). The Hilbert modular group of the field k attains this minimum. Suppose that the quaternion algebra B over k ramifies at some place. Then there must be at least one finite ramified place and since the primes 2 and 3 are inert, there must be a non-trivial contribution (N v − 1)/2 > 1 to the volume. This implies that beside the above example, there are no lattices Γ ∈ C(Q( √ 5), B) with χ(Γ) ≤ 1/60.
Minimal covolume with respect to the Euler-Poincaré measure
Now, we are able to prove also the second part of the main theorem, where the lattices of minimal covolume with respect to the Euler-Poincaré measure are determined. Note that for an arithmetic lattice Γ ⊂ G n , which belongs to a class C(k, B), we have µ(Γ) ≥ 2 n µ(k, B) = 2 n+t−t ′ g(k, B) ≥ 2 n g(k, B). Also, we have the candidates for the smallest covolumes given in the main Theorem 1.1. Now, using the functions Ψ(n, m, [k 
